In this paper we study a three-dimensional (3D) US Navy crane. We present an extension to the 3D case of previous results of the authors concerning the crane's stabilization by a simple PD controller using only motor position measurements. Two variants are studied: a PD controller using the equilibrium end-point position as a reference and the same controller where this constant reference is replaced by a flatness based trajectory finishing at the same point. The first one is proved to be globally stabilizing, whereas the second one's stability is only proved to be local. However simulation show the superiority of the latter over the former.
Introduction
Crane control has been approached by various techniques, linear [5, 11] , or nonlinear [1, 4, 6, 9, 10] . It also constitutes an important industrial challenge as witnessed by the many patents such as [12] . In these papers, rope angles and/or load position are generally assumed to be measured.
In [8] we have proposed a simple PD controller for the planar version of the US Navy crane when only motor positions are measured. This controller allowed to globally stabilize any equilibrium of the load in the crane's workspace. This paper constitutes an extension of [8] , in two directions: -As far as the model is concerned, the three-dimensional (3D) version of the US Navy crane is considered which is obtained from the planar version by allowing to rotate the platform with the hoisting system. Moreover, contrarily to [8] , the mass of the mobile pulley guiding the rope attached to the load is not neglected.
-As far as the closed-loop control is concerned, we study two different controllers by comparing their performances. We consider first a PD controller, the 3D version of the one presented in [8] . Then we study a tracking controller which has the same structure but where the equilibrium reference is replaced by a time varying reference trajectory (feedforward) finishing at an equilibrium point. This trajectory is calculated using the flatness property of the 3D US Navy crane, shown in [7] .
The performances of the two controllers can be compared for the same equilibrium endpoint. The first approach (global stabilization) guarantees that the equilibrium point is asymptotically approached, without specifying the path between the starting and end points. In particular, one may be confronted with large transients. In the second approach, using a feasible reference trajectory, the tracking controller compensates for deviations between the present state and the desired one on the reference trajectory, thus smaller than the deviation between the present state and the endpoint. This is shown in simulation. More precisely, the oscillations of the load disappear faster with the second method.
The paper is organized as follows. In Section 2 the 3D model of a US Navy crane is presented. The next section extends the global stability results of [8] to our 3D case. Section 4 is concerned with the motion planning aspects and its flatness based solution. The next section combines the results of the two previous ones in order to obtain a tracking controller with measurement feedback. We finally present simulations comparing the aforementioned controllers. The paper ends with concluding remarks.
3D US Navy crane model
A simplified representation of a US Navy crane is depicted in Figure 1 . Four motors (three of them winching ropes) are mounted on the structure allowing to manipulate the load in a 3D workspace.
The crane comprises:
• A load of mass m whose position is given by the coordinates x 1 , x 2 , x 3 .
• A mobile pulley (whose coordinates are x 01 , x 02 , x 03 and with mass m 0 ) guiding the rope which hoists the load.
• A rotate platform actuated by the motor no.4. The inertia of the rotate platform is denoted by M .
• A hoisting system mounted on the rotate platform, comprising three ropes hoisted by three winches fixed on the boom. All three winches on the boom are located along the same line. Without loss of generality, let us fix the origin of the reference frame at the intersection of this line with the axis of rotation of the boom such that its z-axis coincides with the axis of rotation of the boom (see also Figure 1 ). Thus two geometric parameters α 2 and α 3 can be introduced such that x ij = α i x 1j for i = 2, 3 and j = 1, 2, 3. Observe also that x i3 is constant for each i = 1, 2, 3.
T the vector of configuration variables.
Let us express the geometric constraints relating the q variables. In the next formula, the first four constraints express the compatibility between the various rope lengths and the last one corresponds to the rotation of the platform:
where r is the distance between the winch hoisting the rope of length L 3 and the axis of rotation of the platform.
Theorem 1. The dynamics of the US Navy crane read
subject to Constraints C i (q) = 0 given by (1) , where λ i is the Lagrange multiplier associated to
Proof. The proof follows the same lines as in [7] with kinetic energy given by
and potential energy given by
Global stability with measurement feedback
We wish to stabilize the crane at a given equilibrium point of the load (x 1 , x 2 , x 3 ) and at a given height of the mobile pulley x 03 by measurement feedback.
Setting the constraints and the dynamic equations at equilibrium, we find the corresponding values of the variables:
and the corresponding input torques to be applied: T 1 , T 2 , T 3 and T 4 . (Note that T 4 = 0 for any equilibrium).
Define the error variables as e qi = q i − q i where q i stands for the ith component of q and q i for its equilibrium value. Additionally, define
where ξ gives the rotation angle of the rotate platform in the (−π, +π] interval. Denote by e ξ = ξ − ξ the corresponding error.
Recall that the measured variables are: L 1 , L 2 , L 3 and ξ since the rope lengths can be directly calculated from the angular positions of the motors no.1, 2, 3. The following theorem is an extension of the result in [8] to cranes in 3D with non-zero guiding pulley mass.
Theorem 2. The four measurement feedback PD controllers,
applied to the crane dynamics (2) with Constraints (1) and gains k pi > 0 and k di > 0, i = 1, . . . , 4, globally stabilize the equilibrium (x 1 , x 2 , x 3 , x 03 ).
The proof of Theorem 2 relies on a series of lemmas. Let
denote the "potential" energy stored in the controllers. The following energy-like function is defined:
with W k given by (3), W p by (4), and W ctrl by (7). The above reasoning also shows that if any component of q orq tends to ±∞ the constraints C i (q), i = 1, . . . , 5 and their time derivatives being satisfied, then W goes to +∞. Hence S is bounded. Thus the compactness is a consequence of the closed and bounded nature of the set S.
Lemma 1. The derivative of W along the closed-loop vector field is given by:
W = −k d1ė 2 L1 − k d2ė 2 L2 − k d3ė 2 L3 − k d4 r 2 α 2 3ė 2 ξ ≤ 0. (9) Proof. A direct computation leads toẆ = 5 i=1 λ i d dt C i (q) − 3 i=1 k diė 2 Li −k d4
Lemma 3. The only invariant trajectory compatible withẆ = 0, within the crane's workspace, is the equilibrium trajectory
Proof. The proof is a direct extension of the result presented in [8] . 
Flatness and motion planning
The motion planning problem is solved here thanks to the flatness property of the crane model. For a formal definition of flatness, the reader may refer to [2, 3] . The results presented here for the 3D US Navy crane are adapted from those appearing in [7] .
Flatness

A flat output for the crane is given by
T , the coordinates of the load and the height of the mobile pulley. As long as we exclude free-fall reference trajectories, i.e.ẍ 3 = −g, one can recover all the system variables
} from Y and its derivatives up to the 6th order (see [7] ). Therefore it suffices to generate the Y trajectories so as to solve the motion planning problem.
Trajectory generation
Assume that the position, velocity, acceleration, jerk and all derivatives up to 6th order of the flat output (including the position of the load) at initial time t I are given by (Y I ,Ẏ I ,Ÿ I , . . . , Y F ). We can interpolate these two conditions using an appropriate polynomial.
In particular, a reference trajectory between two different equi- 
where the coefficients a j , j = 7, . . . , 13 are independent of t I , t F , Y Ii and Y F i , i = 1, . . . , 4. It results that the trajectory of the load connecting Y I to Y F is a straight line.
Using the flatness property, from (10) we deduce the references of all configuration variables, denoted by q c , and the references of all input forces, denoted by T ci , i = 1, . . . 4.
Local tracking with measurement feedback
We investigate in this section the closed-loop behavior of the system using the same PD regulator as before where we replace the equilibrium positions by the references computed in the previous section. This modified controller is referred to as the tracking controller.
Define qi = q ci − q i where q i is the ith component of the vector q and q ci is the ith component of q c . The tracking PD controller is given by
with the same gains as the controller (6) in Theorem 2. Note that for equilibrium trajectories we get the same PD regulator as before.
Theorem 3.
Let the final point q c (t F ) of the reference trajectory be an equilibrium of the system. Then q c (t F ) is locally asymptotically stable in closed-loop using the tracking PD controller (11) .
Proof. (sketch) If we start in a sufficiently small neighborhood of the reference trajectory, since all derivatives of the reference trajectory are bounded by construction, the error q (t F ) at time t F will remain bounded. Thus, since the reference after t F is an equilibrium trajectory it suffices to apply Theorem 2 to achieve the proof.
Comparison of the controllers by simulation
Consider the reference trajectory starting from the equilibrium
1 at t I = 0 and finish- 1 The small distances are due to the fact that the controllers are experimented on a reduced size model of the US Navy crane in the authors' lab. and the ing at the equilibrium x F 1 = 0.4, x F 2 = 16 and
Let the real initial position of the load be the same for both the globally stabilizing controller and the locally tracking controller. Assume in addition that the initial equilibrium position used to compute the reference trajectory is inaccurately measured. Here: x 1 (t I ) = x I1 , x 2 (t I ) = x I2 − 2.1, and
The simulation results in closed-loop are given in Figures 2-5 with the same gains in both controllers. The globally stabilizing controller shows a large error with respect to the reference trajectory and the load approximately stops at the end point after more than 3 periods of oscillations. On the contrary, the locally tracking controller shows a much smoother behaviour concerning both tracking and oscillations at the end point. With this tracking controller, the load needs less than 2 periods to get a comparable behavior. This is due to the fact that the reference trajectory arrives at the endpoint with vanishing derivatives up to order 6 and that the deviation with respect to this reference along the trajectory remains much smaller than the deviation with respect to the endpoint. 
Conclusion
In this paper we have studied two PD controllers with measurement feedback and with the same gains. The first one uses only the equilibrium end point coordinates as references and is proved to be globally stabilizing. In the second one, called tracking controller, the equilibrium end point reference is replaced by a flatness-based reference trajectory finishing at the same end point. It is proved to be locally stable. Simulations show that the tracking controller outperforms the globally stabilizing one as long as the initial condition guesses are not too bad. This is particularly interesting when the initial error with respect to the reference trajectory is small whereas the overall deviation between the initial and final position is large. The problem of building an observer to estimate the initial condition, in order to be able to construct reference trajectories for the tracking controller with small initial errors, may be the topic of forthcoming research.
